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Abstract. In this paper, we study the existence of infinitely many nodal solutions for





+ |u|α−2u = f (u), x ∈ RN ,
u(x)→ 0, as |x| → ∞,
where N ≥ 2, φ(t) behaves like tq/2 for small t and tp/2 for large t, 1 < p < q < N,
f ∈ C1(R+, R) is of subcritical, q ≤ α ≤ p∗q′/p′, let p∗ = NpN−p , p′ and q′ be the
conjugate exponents respectively of p and q. For any given integer k ≥ 0, we prove that
the equation has a pair of radial nodal solution with exactly k nodes.
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1 Introduction





+ |u|α−2u = f (u), x ∈ RN , (1.1)
where N ≥ 2, φ ∈ C2(R+, R+) has a different growth near zero and infinity. Quasilinear
equation of form (1.1) can be transformed into different differential equations corresponding
to various types of φ. For example, when φ(t) = 2[(1 + t)
1
2 − 1] and α = 2, equation (1.1)





+ u = f (u), x ∈ RN .
Such problem has been deeply studied since last century, under different assumptions on the
nonlinearity f , the existence and nonexistence of solutions have been investigated by many
authors, see [3, 5, 8, 27] for example.
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Equation (1.1) also related to (p, q)-Laplacian equations. In fact, if φ(t) = 2p t
p




− ∆pu− ∆qu + |u|α−2u = f (u) in RN , (1.2)
where ∆pu = div(|∇u|p−2∇u), 1 < p < q < N and α > 2 satisfies some conditions. Equation







+ c(x, u), (1.3)
where D(u) = (|∇u|p−2 + |∇u|q−2). This system has a wide range of application in physics
and related sciences such as biophysics, plasma physics and chemical reaction design. In such
applications, the function u describes a concentration; the first term on the right hand side of
(1.3) corresponds to diffusion with a diffusion coefficient D(u), whereas the second one is the
reaction and relates to source and loss processes. Typically, in chemical and biological appli-
cations, the reaction term c(x, u) has a polynomial form with respect to the concentration u.
For more mathematical and physical background of equations (1.2)–(1.3), we refer the reader
to the papers [9, 24, 25, 31] and the references therein. In particular, when p = q = α = 2,
equation (1.2) reduced to
− ∆u + u = f (u) in RN . (1.4)
There has been plenty of results on the existence, nonexistence and multiplicity of positive or
sign-changing solutions for equation (1.4), see [2, 6, 7, 10, 17] and the references therein.
If p = q = α 6= 2, then equation (1.2) becomes into the following general p-Laplacian
equation
− ∆pu + |u|p−2u = f (u) in RN , (1.5)
which was studied by many authors. Many results for equation (1.4) has been extended to
equation (1.5). Deng, Guo and Wang in [12] proved the existence of nodal solutions for p-
Laplacian equations with critical growth. Recently in [13], Deng, Li and Shuai studied the
existence of solutions for a class of p-Laplacian equations with critical growth and potential
vanishing at infinity.
Recently, Azzollini et al. [1] studied the following quasilinear elliptic equation{
−∇ · [φ′(|∇u|2)∇u] + |u|α−2u = |u|s−2u, x ∈ RN ,
u(x)→ 0, as |x| → ∞,
(1.6)
where N ≥ 2, φ(t) behaves like tq/2 for small t and tp/2 for large t, 1 < p < q < N, 1 <
α ≤ p∗q′/p′ and max{q, α} < s < p∗ = NpN−p , with being p′, q′ are the conjugate exponents
of p, q respectively. The authors in [1] found a sort of Orlicz–Sobolev space in which the
energy functional is well defined. They also proved that the Orlicz–Sobolev space compactly
embedded into certain Lebesgue spaces. Then, they obtained the existence of a sequence of
nontrivial radial solutions for equation (1.6) besides a nontrivial non-negative radial solution.
General quasilinear elliptic problems of (1.1) have been intensively studied, see for example,
[1, 11, 15, 16, 18, 28] and the references therein.
Motivated by the above results, in this paper, we intend to find nodal solutions for the





+ |u|α−2u = f (u), x ∈ RN ,
u(x)→ 0, as |x| → ∞,
(1.7)
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where N ≥ 2, φ(t) behaves like tq/2 for small t and tp/2 for large t, 1 < p < q < N, q ≤ α ≤
p∗q′/p′, and the function f satisfies some conditions given by ( f1)-( f3) in this paper. Similar
as [1], we impose some restrictions on φ, let φ ∈ C2(R+, R+) such that
(Φ1) φ(0) = 0;
(Φ2) there exists a positive constant C such that{
Ct
p
2−1 ≤ φ′(t), if t ≥ 1,
Ct
q
2−1 ≤ φ′(t), if 0 ≤ t ≤ 1;
(Φ3) there exists a positive constant C such that{
φ(t) ≤ Ct
p
2 , if t ≥ 1,
φ(t) ≤ Ct
q
2 , if 0 ≤ t ≤ 1;
(Φ4) there exists α < θ such that φ′(t)/t
θ−2
2 is strictly decreasing for all t > 0;
(Φ5) the map t 7→ φ(t2) is convex.
We also assume the nonlinearity f satisfies:
( f1) f (t) = o(tα−1), as t→ 0+;
( f2) f (t) = o(tp
∗−1), as t→ +∞;
( f3) there exists α < θ such that
0 < (θ − 1) f (t) ≤ f ′(t)t, for all t > 0.
Before we present our main result, we give some notions and definitions. In the following, we
use ‖u‖q to denote the Lq(RN) norm.
Definition 1.1 (See [1, Definition 2.1]). Let 1 < p < q and Ω ⊂ RN . Denote Lp(Ω) + Lq(Ω)
the completion of C∞c (Ω, R) in the norm
‖u‖Lp(Ω)+Lq(Ω) = inf
{
‖v‖Lp(Ω) + ‖w‖Lq(Ω) | v ∈ Lp(Ω), w ∈ Lq(Ω), u = v + w
}
.
Next, we denote ‖u‖p,q = ‖u‖Lp(RN)+Lq(RN). Moreover, in [4], it has shown that Lp(Ω) +
Lq(Ω) can be characterized as an Orlicz spaces.
Definition 1.2 (See [1, Definition 2.3]). Let α > 1, the Orlicz–Sobolev space W(RN) is the
completion of C∞c (RN , R) in the norm
‖u‖ = ‖u‖α + ‖∇u‖p,q.
By Theorem 2.8 of [1], the spaceW(RN) can be precise description by
W(RN) =
{
u ∈ Lα(RN) ∩ Lp∗(RN) | ∇u ∈ Lp(RN) + Lq(RN)
}
.
In the following, we define(








ThenWr(RN) is the completion of
(
C∞c (RN , R)
)
r in the norm ‖ · ‖, namely
Wr(RN) =
(





Thus, Wr(RN) coincides with the set of radial functions of W(RN). Define the energy func-













F(u)dx, u ∈ Wr(RN),
where F(u) =
∫ u
0 f (z)dz. The well-posedness and regularity of I(u) are given by Proposi-
tion 3.1 in [1] and hypotheses ( f1)–( f2).









f (u)ϕ dx = 0.
In particular, for u ∈ Wr(RN), we denote










Now we state our main result. We denote u+ = max{u, 0} and u− = min{u, 0}.
Theorem 1.3. Suppose 1 < p < q < min{N, p∗}, q ≤ α ≤ p∗q′/p′, (Φ1)–(Φ5) and ( f1)–( f3)
hold, then there exists a pair of radial solutions u±k of equation (1.7) with the following properties:
(i) u−k (0) < 0 < u
+
k (0),
(ii) u±k possess exactly k nodes ri with 0 < r1 < r2 < · · · < rk < +∞, and u
±
k (x)||x|=ri = 0,
i = 1, 2, . . . , k.
Remark 1.4. The solutions uk obtained in Theorem 1.3, as we will see, is the least energy radial
solution of equation (1.7) and changes sign exactly k (k ∈ {0, 1, 2, . . . }) times. We should point
out that α < p∗. The existence of u0 had been proved by the Mountain Pass Theorem in [1].












In this paper, we prove by constrained minimization method in a special space in which
each function changes sign k(k ∈ {0, 1, 2, . . . }) times. We first prove the existence of minimizer
and then verify that the minimizer is indeed a solution to equation (1.7) by analyzing the least
energy related to the minimizer. Here, we have to point out that it is hard to obtain radial
solutions with a prescribed number of nodes by gluing method as in Bartsch–Willem [6] and
Cao–Zhu [10]. Because, we obtain that all weak solutions of (1.7) by Lemma 2.7 are only of
class C1,γloc (R
N), and it is not enough to glue the functions in each annuli by matching the
normal derivative at each junction point. We will follow the approach explored by Z. Liu and
Z.-Q. Wang [21,22], see Section 3 for more details. Moreover, we introduce some new analysis
techniques and establish better inequalities.
This paper is organized as follows. In Section 2, we give some preliminary results, which
are crucial to prove our main results. In Section 3, we will prove our main theorem.
Throughout this paper, we denote “ → ” and “ ⇀ ” as the strong convergence and the
weak convergence, respectively. We use 〈·, ·〉 to denote the duality pairing between Wr(RN)
and W ′r(RN). We employ C or Cj, j = 1, 2, . . . to denote the generic constant which may vary
from line to line.
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2 Some preliminary lemmas
In this section, let us first recall some known facts about (1.7). From [1], we introduce the
embedding result on Wr(RN) and a uniform decaying estimate on the functions of Wr(RN).
The proof of lemmas can be found in the corresponding references.
Lemma 2.1 (see [1, Remark 2.7]). If 1 < p < min{q, N} and 1 < p∗ q
′







Wr(RN) is continuously embedded into Lτ(RN) with α ≤ τ ≤ p∗.
Lemma 2.2 (see [1, Theorem 2.11]). If 1 < p < q < N and 1 < p∗ q
′







Wr(RN) is compactly embedded into Lτ(RN) with α < τ < p∗.






‖∇u‖p,q, for |x| ≥ 1.
Let Ω be one of the following domains:
{x ∈ RN : |x| < R1}, {x ∈ RN : 0 < R2 ≤ |x| < R3 < ∞}, {x ∈ RN : |x| ≥ R4 > 0}.
Thus, we first consider the existence of positive least energy solution for{
































u ∈ Wr(Ω) : u 6≡ 0, u|∂Ω = 0, γΩ(u) = 0
}
.
Then we have the following lemmas.
Lemma 2.4. Suppose 1 < p < q < min{N, p∗}, q ≤ α ≤ p∗q′/p′, (Φ1)–(Φ5) and ( f1)–( f3) hold
and u ∈ Wr(Ω). Then there exists a unique t > 0 such that tu ∈ M(Ω).










f (tu)tu dx = 0. (2.2)
Hence, the problem is reduced to verify that there is only one solution of equation (2.2) with
t > 0. Since 1 < p < q ≤ α and
φ(t2) '
{
tp, if |t|  1,
tq, if |t|  1.
By ( f1)–( f2), for any ε > 0, there exists a constant Cε > 0 and α < s < p∗ such that
f (u)u ≤ ε|u|α + Cε|u|s. (2.3)
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It is easy to see that IΩ(tu) → 0 as t → 0 and IΩ(tu) → −∞ as t → +∞. We have that IΩ
possesses a global maximum point t ∈ (0,+∞), i.e., tu ∈ M(Ω).
It remains to show the uniqueness of t. We shall divide our proof into two cases.








f (u)u dx = 0. (2.4)
We now prove that t = 1 is the unique number such that tu ∈ M(Ω). In fact, if t > 0 such that








f (tu)tu dx = 0. (2.5)










(tα − tθ)|u|α +
(




On one hand, by ( f3), we can get that
f (t)
tθ−1
is increasing for all t > 0. On the other hand, by (Φ4), we can deduce that
φ′(t2)
tθ−2
is strictly decreasing for all t > 0. Assume t > 1 for a while, then we get
f (u)
uθ−1






tθ f (u)− f (tu)tu ≤ 0 (2.7)
and
φ′(t2|∇u|2)t2|∇u|2 − tθφ′(|∇u|2)|∇u|2 < 0. (2.8)
Since α < θ, the left side of equation (2.6) is negative, which gives a contradiction. With a
similar argument, the case t < 1 is also contradictory. Thus we deduce that t = 1.
Case 2. u 6∈ M(Ω). If there exist t1, t2 > 0 such that t1u, t2u ∈ M(Ω), we have
t2
t1
(t1u) = t2u ∈ M(Ω).
Noticing t1u ∈ M(Ω), by Case 1, we obtain t1 = t2. This completes the proof of Lemma 2.4.
Lemma 2.5. Suppose 1 < p < q < min{N, p∗}, q ≤ α ≤ p∗q′/p′, (Φ1)–(Φ5) and ( f1)–( f3) hold
and u ∈ M(Ω), t ∈ (0, ∞) and t 6= 1, then IΩ(tu) < IΩ(u).
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Proof. Define a function in (0, ∞) by g(t) = IΩ(tu)

































f (u)u dx = 0,
using a similar argument to Lemma 2.4, we obtain g′(t) > 0 for 0 < t < 1 and g′(t) < 0 for
t > 1. Hence g(t) < g(1), that is IΩ(tu) < IΩ(u) for t ∈ (0, ∞) and t 6= 1.




M(Ω) is nonempty inWr(Ω) by Lemma 2.4. Here we denote
‖u‖Ω = ‖u‖Lα(Ω) + ‖∇u‖Lp(Ω)+Lq(Ω),
and
Λu = {x ∈ Ω : |u| > 1}, Λcu = {x ∈ Ω : |u| ≤ 1}.
Lemma 2.6. Suppose 1 < p < q < min{N, p∗}, q ≤ α ≤ p∗q′/p′, (Φ1)–(Φ5) and ( f1)–( f3) hold,
then c̃ can be achieved by some positive function ũ which is a solution of equation (2.1).
Proof. We use the minimization method. The proof can be divided into two steps.
Step 1. c̃ is attained. By the definition of c̃, there exists a sequence {ũn} ⊂ M(Ω) such that























f (ũn)ũn dx = 0.
By the Proposition 2.2 of [1], we have
‖ũn‖Lp(Ω)+Lq(Ω) ≤ max
{
‖ũn‖Lp(Λũn ), ‖ũn‖Lq(Λcũn )
}
.
It follows from (Φ4) that φ′′(t)t < θ−22 φ
′(t) for all t > 0. Moreover, φ(0) = 0, we see that
φ′(t)t < θ2 φ(t). There exists 0 < µ < 1 such that
φ′(t)t ≤ θµ
2
φ(t), for all t ≥ 0.
8 X. Yang
Thus, by (Φ2) and the fact that ũn ∈ Lp(Λũn)∩ Lq(Λcũn) (see Proposition 2.2 (iv) in [1]), we get




























































Since C > 0, it is easy to verify {ũn} is bounded in M(Ω). Then by Proposition 2.5 of [1] and
Lemma 2.1, there exists ũ ∈ Wr(Ω) such that
ũn ⇀ ũ, weakly inWr(Ω),
ũn → ũ, in Ls(Ω),
ũn → ũ, a.e. in Ω,
where α < s < p∗. By Theorem A.2 in [34], we can deduce that
f (ũn)ũn → f (ũ)ũ in L1(Ω).











|ũn|α dx≥ C‖ũn‖αΩ. (2.10)
Since s > α, we have ‖ũn‖Ω ≥ C3 > 0. Hence
Cε‖ũ‖sΩ + ε‖ũ‖αΩ + o(1) ≥ o(1) +
∫
Ω







≥ C‖ũn‖αΩ ≥ C3,
we get ũ 6≡ 0.













By the definition of c̃ and equation (2), we have





























IΩ(t̄ũn) ≤ lim infn→∞ IΩ(ũn) = c̃.
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Thus we get
IΩ(t̄ũ) = c̃,
and c̃ is attained by t̄ũ.
Step 2. In the following, we prove that t̄ũ is a radial solution of equation (2.1), which is similar
to the Lemma 2.7 of [14]. For simplicity, we denote ũ to t̄ũ. Suppose ũ ∈ M(Ω), IΩ(ũ) = c̃,











f (ũ)ϕ dx ≤ −1. (2.11)
Choosing ε > 0 small enough such that
〈




, ∀ |t− 1|+ |σ| ≤ ε.
Let η be a cut-off function such that
η(t) =
{
1, |t− 1| ≤ 12 ε,





If |t− 1| ≤ ε, then
IΩ (tũ + εη(t)ϕ) = IΩ(tũ) +
∫ 1
0






For |t− 1| ≥ ε, η(t) = 0, and the above estimate is trivial. Now, since ũ ∈ M(Ω), for t 6= 1, we
get IΩ(tũ) < IΩ(ũ) by Lemma 2.5. Hence it follows from equation (2.12) that
IΩ (tũ + εη(t)ϕ) ≤
{
IΩ(tũ) < IΩ(ũ), t 6= 1,
IΩ(ũ)− 12 εη(1) = IΩ(ũ)−
1
2 ε, t = 1.
In any case, we have IΩ(tũ + εη(t)ϕ) < IΩ(ũ) = c̃. In particular,
sup
0≤t≤2
IΩ (tũ + εη(t)ϕ) < c̃.














φ′(|∇(tũ + εη(t)ϕ)|2)|∇(tũ + εη(t)ϕ)|2 + |tũ + εη(t)ϕ|α










































































































Consequently, we can find t̃ ∈ ( 12 , 2) such that h(t̃) = 0. It implies t̃ũ + εη(t̃)ϕ ∈ M(Ω), which
contradicts with (2.11). From this, ũ is a solution for equation (2.1).
If α ≥ q, we infer that the solution ũ is positive by Theorem 1 of [30]. Thus, we complete
the proof.
We shall show anyWr(RN)-solution of the equation (1.7) is C1,γloc (R
N)-solution of the equa-
tion (1.7).
Lemma 2.7. Assume u be a weak solution of (1.7), 1 < p < q < min{N, p∗}, q ≤ α ≤ p∗q′/p′,
u ∈ Wr(RN), (Φ1)–(Φ5) and ( f1)–( f3) hold, then u ∈ C1,γloc (RN) for some 0 < γ < 1.
Proof. We first prove by the Moser’s iteration that u ∈ L∞(RN), then belongs to C1,γloc (RN).
Since u ∈ Wr(RN), u ∈ Lp
∗




T, u > T,
u, |u| ≤ T,
−T, u < −T.
Moreover, without any loss of generality, we shall assume that T > 1. Then ∇u∇ϕ =
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Define A =
{
x ∈ RN : |u| ≤ T
}
∩Λc∇u and B =
{






























≥ C(1 + r)1−p‖|u|1+r‖p
Lp∗ (|u|≤T)







Set d = 1 + r = Np−(N−p)(s−p)
(N−p)p > 1, s ∈ (α, p
∗). Let T → +∞, by equation (2.3) and Hölder
inequality, we have∫
RN
f (u)u|uT|pr dx ≤ Cε
∫
RN

































where α < ᾱ = (α−p)(Np)
(N−p)(s−p) < p





p∗ ≤ C(1 + r)p−1
∫
RN




































di ≤ C∗ for some constant C∗ > 0, we then deduce that u ∈ L∞(RN). Suppose
u is a weak solution of the equation (1.7) and u ∈ Wr(RN), we have that u ∈ C1,γloc (R
N) for
some γ > 0 by Chapter 4 of [19] or [33].
3 Existence of sign-changing solutions
In this section, we construct infinitely many nodal solutions for equation (1.7). For any given
k numbers rj (j = 1, . . . , k) such that 0 < r1 < r2 < · · · < rk < +∞, we denote r0 = 0, rk+1 = ∞,
Ω1 =
{








We will always extend uj ∈ Wr(Ωj) to Wr(RN) by setting uj ≡ 0 for x ∈ RN\Ωj for every
uj, j = 1, 2, . . . , k + 1. For convenience, we use I(uj) to replace IΩj(uj) and γ(uj) to replace
γΩj(uj). Define
Y±k (r1, r2, . . . , rk+1) =
{




(−1)j−1uj, uj ≥ 0,





u ∈ Wr(RN) | ∃ 0 = r0 < r1 < r2 < · · · < rk < rk+1 = +∞,
such that u ∈ Y±k (r1, r2, . . . , rk+1) and uj ∈ M(Ω
j), j = 1, 2, . . . , k + 1
}
.
Note that M±k 6= ∅, k = 1, 2, . . . In order to prove the existence of non-negative critical points
of energy functional I, similar to [6] or [10], we only need to extend f (u) as follows
f+(u) :=
{
f (u), if u ≥ 0,
− f (−u), if u < 0,
thus the oddness assumption on nonlinear term is actually unnecessary. The function I+(u)














c+k = infu∈M+k I
+(u) in the same way as those in [10]. For M−k , we can complete the proof in


















I(u), k = 1, 2, . . .
Lemma 3.1. ck is attained provided that 1 < p < q < min{N, p∗}, q ≤ α ≤ p∗q′/p′, (Φ1)–(Φ5)
and ( f1)–( f3) hold.
Proof. We prove by induction that for each k there exists ūk ∈ M+k such that
I(ūk) = ck.
For k = 0 or Ω = RN , we can directly derive from Lemma 2.6. We discuss the case k ≥ 1 in
the following.
First, we prove I is bounded from below on M+k by a positive constant. Let ū ∈ M
+
k , then
ū = ∑k+1j=1 (−1)j−1ūj and ūj ∈ M(Ωj), j = 1, 2, . . . , k + 1. By the similar arguments of inequality



















Cαj = C̄. (3.1)
Infinitely many nodal solutions for a class of quasilinear elliptic equation 13
There exists a positive constant C̄ > 0 such that I(ū) ≥ C̄, for all ū ∈ M+k .
Second, we suppose the conclusion is true for k − 1 and let {ūm}m≥1 be a minimizing
sequence of ck in M+k , that is
lim
m→∞
I(ūm) = ck, ūm ∈ M+k , m = 1, 2, . . .
ūm corresponding to k nodes, r1m, r2m, . . . , rkm, with 0 < r1m < r2m < · · · < rkm < ∞, set
Ωim =
{






ūm, if x ∈ Ωim,
0, if x 6∈ Ωim.
We can select a subsequence {rim} such that limm→∞ rim = ri, and 0 ≤ r1 ≤ r2 ≤ · · · ≤ rk ≤ +∞.
Now we give the following claims.
Claim 1: Under the assumptions of Lemma 3.1, ri 6= ri−1, i = 1, 2, . . . , k. Here we denote
r0 = 0.
If ri = ri−1 for some i ∈ {1, . . . , k}. Suppose there exists i0 ∈ {1, . . . , k} such that ri0 = ri0−1,
then limm→∞ r
i0
m = limm→∞ r
i0−1
m . We denote the measure of Ω
i0
m by |Ωi0m|, so that |Ωi0m| → 0 as






















































|ūi0m|s dx + ε‖ūi0m‖α.











1− sp∗ ≤ C‖ūi0m‖sΩi0m
|Ωi0m|
1− sp∗ .
Since C is positive constants and α < s < p∗, we deduce that
‖ūi0m‖Ωi0m → ∞, as m→ ∞.
By inequality (3.1),
I(ūi0m)→ ∞, as m→ ∞. (3.2)
From the inductive assumption and equation (3.2), for ε > 0 fixed we can choose L > 0 such
that
I(ūi0m) > ck − ck−1 + ε, |I(ūm)− ck| < ε, as m ≥ L.
14 X. Yang
Then we define v̄(x) ∈ M+k−1 by
v̄(x) =

ūlm(x), if x ∈ Ωlm as l < i,
0, if x ∈ Ωi0m,
ūlm(x), if x ∈ Ωlm as l > i.
Hence
I(v̄(x)) = I(ūm)− I(ūi0m) < ck + ε− (ck − ck−1 + ε) = ck−1, as m ≥ L,
which contradicts with ck−1 = infu∈M+k−1 I(u). Thus ri 6= ri−1, i = 1, 2, . . . , k. Then the proof of
Claim 1 is completed.
Claim 2: Under the assumptions of Lemma 3.1, rk < ∞.
















































q . By inequality (3.1) we find
I(ūkm)→ ∞, as m→ ∞. (3.3)
Similar to the proof of Claim 1, we can obtain rk < ∞. Claim 2 is therefore proved.
From the above two claims, by selecting a subsequence, we may assume that limm→∞ rim =
ri, and clearly 0 < r1 < r2 < · · · < rk < ∞. Define Ωi = {x ∈ RN | ri−1 < |x| < ri}, for all
i = 1, 2, . . . , k + 1, r0 = 0, rk+1 = +∞. Lemma 2.6 implies that c̄ = infu∈M(Ωi) I(u) is attained
by some positive function ûi which satisfies the following boundary value problem{
−∇ · [φ′(|∇u|2)∇u] + |u|α−2u = f (u), x ∈ Ωi,
u|∂Ωi = 0.
Define ūk = ∑k+1i=1 (−1)i−1ûi(x), (ûi = 0, x 6∈ Ωi). Thus ūk ∈ M
+
k .








, for i = 1, . . . , k,






where r0m = 0, rk+1m = ∞ and aim is a unique positive real number such that vim ∈ M(Ωi), for





φ′(|aim|2|∇ūim|2)|aim|2|∇ūim|2 dx + o(1),
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∫
Ωi
|vim|α dt = |aim|α
∫
Ωim













m dx + o(1).
Since vim ∈ M(Ωi), it follows∫
Ωim












m dx = o(1), (3.4)










m dx = 0, (3.5)
for each i. Using an argument similar to that in the proof of Lemma 2.4, by (3.4) and (3.5), we










































Since ūk ∈ M+k , which means that ck is attained.
Now, we begin to prove Theorem 1.3. Because the weak solutions of (1.7) are of class
C1,γloc (R
N), as stated in Lemma 2.7. We apply some ideas of in [21,22,35] to prove the minimizer
of ck is the weak solution of (1.7) instead of glue the function in each annuli by matching the
normal derivative at each junction point.
Proof of Theorem 1.1. By Lemma 3.1, there exists ūk ∈ M+k which attains ck. Thus we get k
nodes:




ūk(x), x ∈ Ωi,
0, x 6∈ Ωi.
For convenience, u := ūk, and u satisfies equation (1.7) in {x ∈ RN : |x| 6= ri, i = 1, 2, . . . , k}.
In order to show that u is a critical point of I. We assume by contradiction that there exists
ψ ∈ W ′r(RN) such that
〈I′(u), ψ〉 = −2.
16 X. Yang
Similarly to the proof of Step 2 in Lemma 2.6 we choose δ ∈ (0, 1) such that if s =












D = {(s1, . . . , sk+1) ∈ Rk+1 : |si − 1| ≤ δ, for all i ∈ {1, . . . , k + 1}}.
There is a sufficiently small ε such that ∑k+1i=1 siu
i + εψ changes sign exactly k times with k
nodes 0 < r1(s, ε) < · · · < rk(s, ε) < ∞. Here rj(s, ε) denotes that rj depends on s, ε for all
j = 1, · · · , k. Let η ∈ C∞0 (RN) be a cut-off function which satisfies η(s) = 0 in a neighborhood
of ∂D, η(1, . . . , 1) = 1 and 0 ≤ η(s) ≤ 1 for all s ∈ D. If δ is small enough, we see that
∑k+1i=1 siu
i + δη(s)ψ also has exactly k nodes 0 < r1(s) < · · · < rk(s) < ∞ for all s ∈ D, rj(s) is


















φ′(|∇gi(s)|2)|∇gi(s)|2 + |gi(s)|α − f (gi(s))gi(s)
]











where Ωis = {x ∈ RN : ri−1(s) < |x| < ri(s)} for all 1 ≤ i ≤ k + 1, r0(s) = 0 and rk+1(s) = ∞.
Suppose that s ∈ ∂D, then η(s) = 0, gi(s) = siui. For si = 1 + δ, by (2.7)–(2.8), we have



















































By the homotopy invariance of the topological degree (or Miranda’s Theorem [23]), we see that
there exists s ∈ D such that Hi(s) = 0 for all 1 ≤ i ≤ k + 1. That is ∑k+1i=1 siui + δη(s)ψ ∈ M
+
k .
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− δη(1, . . . , 1) = ck − δ,






































which is also a contradiction.
Therefore, the function u is indeed a radial solution of (1.7), which changes sign exactly k
times. We complete the proof.
Acknowledgements
The author would like to thank Professor Yinbin Deng very much for stimulating discussions
and helpful suggestions on the present paper. The research of X. L. Yang was supported by the
Natural Science Foundation of China (No. 11771170) and the graduate education innovation
funding [grant number 2019CXZZ082] from Central China Normal University.
References
[1] A. Azzollini, P. d’Avenia, A. Pomponio, Quasilinear elliptic equations in RN via vari-
ational methods and Orlicz–Sobolev embeddings, Calc. Var. Partial Differ. Equ. 49(2014),
No. 1-2, 197–213. https://doi.org/10.1007/s00526-012-0578-0; MR3148112
[2] H. Brézis, L. Nirenberg, Positive solutions of nonlinear elliptic equations involving
critical Sobolev exponents, Comm. Pure Appl. Math. 36(1983), No. 4, 437–477. https:
//doi.org/10.1002/cpa.3160360405; MR0709644
[3] M. Badiale, G. Citti, Concentration compactness principle and quasilinear elliptic equa-
tions in RN , Commun. Partial Differ. Equ. 16(1991), No. 11, 1795–1818. https://doi.org/
10.1080/03605309108820823; MR1135920
[4] M. Badiale, L. Pisani, S. Rolando, Sum of weighted Lebesgue spaces and nonlinear
elliptic equations, NoDEA Nonlinear Differ. Equ. Appl. 18(2011), No. 4, 369–405. https:
//doi.org/10.1007/s00030-011-0100-y; MR2825301
18 X. Yang
[5] M.-F. Bidaut-Veron, Rotationally symmetric hypersurfaces with prescribed mean curva-
ture, Pacific J. Math. 173(1996), No. 1, 29–67. https://doi.org/10.2140/pjm.1996.173.
29; MR1387789
[6] T. Bartsch, M. Willem, Infinitely many radial solutions of a semilinear elliptic problem
on RN , Arch. Ration. Mech. Anal. 124(1993), No. 3, 261–276. https://doi.org/10.1007/
BF00953069; MR1237913
[7] G. Cerami, S. Solimini, M. Struwe, Some existence results for superlinear elliptic
boundary value problems involving critical exponents, J. Funct. Anal. 69(1986), No. 3,
289–306. https://doi.org/10.1016/0022-1236(86)90094-7; MR0867663
[8] M. Conti, F. Gazzola, Existence of ground states and free-boundary problems for the
prescribed mean-curvature equation, Adv. Differ. Equ. 7(2002), No. 6, 667–694. MR1894862
[9] J. W. Cahn, J. E. Hilliard, Free energy of a nonuniform system I. Interfacial free energy,
J. Chem. Phys. 28(1958), No. 2, 258–267. https://doi.org/10.1002/9781118788295.ch4
[10] D. Cao, X. Zhu, On the existence and nodal character of semilinear elliptic equations,
Acta. Math. Sci. 8(1988), No. 3, 345–359. https://doi.org/10.1016/S0252-9602(18)
30312-6; MR0985128
[11] E. D. da Silva, M. L. M. Carvalho, K. Silva, J. V. Gonçalves, Quasilinear elliptic prob-
lems on non-reflexive Orlicz–Sobolev spaces, Top. Meth. Nonl. Anal. 54(2019), No. 2, 587–
612. https://doi.org/10.12775/TMNA.2019.078; MR4061311
[12] Y. Deng, Z. Guo, G. Wang, Nodal solutions for p-Laplace equations with critical growth,
Nonlinear Anal. 54(2003), No. 6, 1121–1151. https://doi.org/10.1016/s0362-546x(03)
00129-9; MRMR1993314
[13] Y. Deng, Y. Li, W. Shuai, Existence of solutions for a class of p-Laplacian type equa-
tion with critical growth and potential vanishing at infinity, Discrete Contin. Dyn. Syst.
36(2016), No. 2, 683–699. https://doi.org/doi:10.3934/dcds.2016.36.683; MR3392899
[14] Y. Deng, S. Peng, J. Wang, Infinitely many sign-changing solutions for quasilinear
Schrödinger equations in RN , Commun. Math. Sci. 9(2011), No. 3, 859–878. https:
//doi.org/10.4310/CMS.2011.v9.n3.a9; MR2865807
[15] B. Franchi, E. Lanconelli, J. Serrin, Existence and uniqueness of nonnegative solutions
of quasilinear equations in RN , Adv. Math. 118(1996), No. 2, 177–243. https://doi.org/
10.1006/aima.1996.0021; MR1378680
[16] N. Fukagai, M. Ito, K. Narukawa, Positive solutions of quasilinear elliptic equations
with critical Orlicz–Sobolev nonlinearity on RN , Funkcial. Ekvac. 49(2006), No. 2, 235–267.
https://doi.org/10.1619/fesi.49.235; MR2271234.
[17] T. He, H. Yan, Z. Sun, M. Zhang, On nodal solutions for nonlinear elliptic equations
with a nonhomogeneous differential operator, Nonlinear Anal. 118(2015), 41–50. https:
//doi.org/10.1016/j.na.2015.02.002; MR3325604
[18] T. Kusano, C. A. Swanson, Radial entire solutions of a class of quasilinear elliptic
equations, J. Differential Equations. 83(1990), No. 2, 379–399. https://doi.org/10.1016/
0022-0396(90)90064-V; MR1033194
Infinitely many nodal solutions for a class of quasilinear elliptic equation 19
[19] O. A. Ladyzhenskaya, N. N. Ural’tseva, Linear and quasilinear elliptic equations, Aca-
demic Press, New York, 1968. MR0244627
[20] J. Liu, Y. Wang, Z.-Q. Wang, Solutions for quasilinear Schrödinger equations via the
Nehari method, Commun. Partial Differ. Equ. 29(2004), No. 5-6, 879–901. https://doi.
org/10.1081/PDE-120037335; MR2059151
[21] Z. Liu, Z.-Q. Wang, On the Ambrosetti–Rabinowitz superlinear condition, Adv. Nonlinear
Stud. 4(2004), No. 4, 563–574. https://doi.org/10.1515/ans-2004-0411; MR2100913
[22] Z. Liu, Z.-Q. Wang, Vector solutions with prescribed component-wise nodes for a
Schrödinger system, Anal. Theory Appl. 35(2019), No. 3, 288–311. https://doi.org/10.
4208/ata.OA-0009; MR3939784
[23] C. Miranda, Un’osservazione su un teorema di Brouwer (in Italian), Boll. Un. Mat. Ital.
(2) 3(1940), 5–7. MR0004775
[24] A. Nastasi, C. Vetro, A note on homoclinic solutions of (p, q)-Laplacian difference
equations, J. Difference Equ. Appl. 25(2019), No. 3, 331–341. https://doi.org/10.1080/
10236198.2019.1572128; MR3921466
[25] A. Nastasi, C. Vetro, F. Vetro, Positive solutions of discrete boundary value problems
with the (p, q)-Laplacian operator, Electron. J. Differential Equations 2017, No. 225, 1–12.
MR3711178
[26] Z. Nehari, Characteristic values associated with a class of nonlinear second-order differ-
ential equations, Acta Math. 105(1961), 141–175. https://doi.org/10.1007/bf02559588;
MR0123775
[27] F. Obersnel, P. Omari, Positive solutions of the Dirichlet problem for the prescribed
mean curvature equation, J. Differential Equations. 249(2010), No. 7, 1674–1725. https:
//doi.org/10.1016/j.jde.2010.07.001; MR2677812
[28] A. Pomponio, T. Watanabe, Ground state solutions for quasilinear scalar field equations
arising in nonlinear optics, NoDEA Nonlinear Differential Equations Appl. 28(2021), Article
No. 26, 33 pp. https://doi.org/10.1007/s00030-021-00687-7; MR4235362
[29] L. A. Peletier, J. Serrin, Ground states for the prescribed mean curvature equa-
tion, Proc. Amer. Math. Soc. 100(1987), No. 4, 694–700. https://doi.org/10.1090/
S0002-9939-1987-0894440-8; MR0894440
[30] P. Pucci, J. Serrin, H. Zou, A strong maximum principle and a compact support prin-
ciple for singular elliptic inequalities, J. Math. Pures Appl. 78(9)(1999), No. 8, 769–789.
https://doi.org/10.1016/S0021-7824(99)00030-6; MR1715341
[31] H. R. Quoirin, An indefinite type equation involving two p-Laplacians, J. Math.
Anal. Appl. 387(2012), No. 1, 189–200. https://doi.org/10.1016/j.jmaa.2011.08.074;
MR2845744
[32] G. H. Ryder, Boundary value problems for a class of nonlinear differential equations,
Pac. J. Math. 22(1967), 477–503. MR0219794
20 X. Yang
[33] P. Tolksdorf, Regularity for a more general class of quasilinear elliptic equations, J.
Differential Equations 51(1984), No. 1, 126–150. https://doi.org/10.1016/0022-0396(84)
90105-0; MR0727034
[34] M. Willem, Mimimax theorems, Birkhäuser, Basel, 1996. https://doi.org/10.1007/
978-1-4612-4146-1, MR1400007
[35] T. Wang, H. Guo, Existence and nonexistence of nodal solutions for Choquard type
equations with perturbation, J. Math. Anal. Appl. 480(2019), No. 2, 123438. https://doi.
org/10.1016/j.jmaa.2019.123438; MR4000106
